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Abstract

This document contains human-readable proofs for the el@di@ws in Figure 3 of the article published under the
same title in the Journal of Applied Logic. The proofs are tiyasased on the ones provided ByseLLE.

In the following, we provide equational proofs for all lawskigure 3. Lemmas are tagged with the number of
the law and with a letter to indicate the order of proofs: inteproof, only laws with an earlier letter may be used. If
a rule is only applied to a part of the formula, the part thajasg to be replaced is red and underlined, and the part
that has just been replaced is blue and overlined. The pavefsostly based on the ones provided bygidiLg; they
differ mainly if the automatic proof for one law contains (mo3gttb& proof for another.

We assume left-associativity and the usual priorities: @lbistrongest andbinds weakest.

The axioms are:

X> X = X (Ax 1)
X=X=0 (Ax 2)
X—y>y=Yy»>X (Ax3)
X=(y-2=X-yrX@2z (Ax 4)
(Xpy)—z=X—-2py—-2 (Ax5)

The operator @ is defined as an abbreviation:
X@y=x-(x-yY) (@)

1. Proof based on Axioms 1-3
Q" X =Ax2

= X—X» X=ax3
= X>X=ax1
=X (A/8)
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2. Proofs based on Axioms 1-3 and 5

0—X=ps
=0v>0—-X=ax3
= 0-x-050 =ar2
=®—X—®>m=/.\x5
= (@—XI>Q)—0=AX2
=(@-x>Xx-%) -0 =as

=0 (B/10)

X> 0 =ax3
=0 - X» X=pj10

= 6 > X =p/8
- x (C/7)

X—0 =q/7
=X=0>0=a3
=0>X=ps
— x (D/9)

X@X =@
=X—(X—X) =ax2
=X—0=pyp

=X (E/13)

(X>y) = X =axs
=X=XpYy—X=ax2

=0>y—X=pp
=y-x (F)
(X>Y) =Y =axs
=X-yrYy-Y=ax2
= X—yl>6 =c;7
=X-y (G)
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(X>y>2) - X =axs
=(Xry) = X>Z-X=§
=y—-X»Z-X

X>Y—X=ax3
=y - X—X>X=g
=y —x>X) - x> X =ax3
= X> (Y- X> X) =ax3
= X"W:Axs
= (X>Yy) — X> X =
=Y X»X=ax3

= XpYy

3. Proofs based on Axioms 1-5

X—y> X =31
=X-y»X—(X-Y) =@ax4
=X=(Y-V) =ax2
= X-@ZD/Q
=X

X@Qy»Xx-y=@
=X—=(X=Y)»X-Y=ax3
=X—y>X=J/30

=X

X= (Y= X) =ax4
=X-y»X@X=gn3
= X—Y» X =330

=X

x—y—z:c/7
= X—y-2>0 =2
=X-Yy—-2ZeX—Y—(X—Y) =17
=X=y-ZrX-y-(X=y- (Y= (X=¥)) =7
=X-y-2Z>X-Y-(X-Y-Y) =@ax4
=X-y-(z-Y)
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X=y—(2-X) =axs@
=X-y-ZeX-y-(X-y-X =g
=X=y-z>x-y—((X=y>X = X) =y30
=X—y—2>x_y—6(—_>0=Ax2
=X-y—-2sX-y—0=pp
=X-y—2ZvX—Y=y30
=X-y (N/)

X=(y-(z-X) =axs@
= X—yrX= (X= (2= X) =ty
=X-Yy>rX—X=ax2
=x-y>0=cy
=X-y (®)

X=Z-Y=w
=X-2-(y-2) =p
=(Y-20X-2) = (Y- 2) =ax5N/

=(yeX)—Z2-(y-2—(X—-VY)) =ax3m/

=(X-yry)-z-(Y-z-(X-y-12) =ax5
=(X-y-zry-2)-(y-2z-(X-Y—2) =ax3
=(y-z-(X-y-2>x-y-2-(y-z-(X-Y-2) =¢
=X-y-z2-(Y-z-(X-y—-2) =127
=X-y-2 (P/19)

X=(Y»2 =270
=X—=(y»2 - (Y- (x=(y>2)) =axa
=X=(y»2 - (y-xey—-(y—(y>2)) =¢
=x=(y»2 = (y-xey—((y>(y>2) - (V> 2)) =3
=X=(y»29 - (y-x>y-(((y>2 —y»y) - (y>2)) =5
=X=(y»2) - (y-x>y—(Z-y>Y) - (V> 2)) =ax3
=x=(y»2 - (y-xry-((y>2) - (y>2)) =ax2
=X=(y»2) - (y—x>y—0) =pjp
=X-(y>2) - (Y= X>Y) =330
= X—(Y"Z)—)_/=P/19
=X-y—=(y>2 =157
=X-y-(y-(Xx-V¥)>»2) =¢
=x-y-((y-(x=y)=2 - (y-(x=V)) =5
=X-y-(z- (Y- (x-V¥))) =0
=X-y-2 (Q/26)
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X=X@Y =k@
=(x—=(X=y)>x-y) - (X=(X-Y)) =¢
=X-y—(X=(X=-Y)) =127
=X-y

X>Y—27Z=y31
=Xey—z- X=pmo

= x>y~ X7 =qzs
= x>y —(X>2) =31
= X>@=Q/26
=Xy —(Z2—X) — X =31
:l(>y—(z— X) =127
=m>y—(2— X) =Ax5
=xey)—(z-X)

X—y»rX—-Z=g
= (X-y»X) - (2= (x-¥)) =30
=X-(2Z-(X-Y) =axs.@
=X=-2»X= (X=(X-y)) =ar/
=X—-ZrX-Y

X-y>rX@Y =@
=X-y>X—(X-Y) =31
=X=Y»X=y30

=X

X>y@Xx=@
= x>y — (Y- X) =ax3

=0>X=ps
=X

(R)

&)

(T/21)

(U/25)

(V/28)



X> XY =ax3
=X=Y—=XrX=g
:W>X=J/30
= X— X> X =px2

:6‘>X:A/8
=X (W/29)
X@y-y=e

= (X/6)

X>Y>Z=yp5
= (X>y>2) — X> (X>Y>2) @ X =18
=y —-X>Z-X>(XrY>2) @X=pax5@
=(y>2) - x> (X>y>2) — ((X>y>2) - X) =Hjg
=(y»2) - X>(Xpy>2) — (Y- X>Z—X) =qp26
=(y»2) - x> (X>y>2) - (Y- X) = (2= X) =axs5
=(y>2)-x>((x>y) - (y=X)>z=(y—X) - (Z— X) =ax5
=(yr)-xe(X=(Y=X)>y-(Y=-X)>2z2= (Y= X)) = (Z2— X) =127
=(y>2 - x> (xey = (y=X) >z~ (y=X) = (2= X) =vpzs
=(y»>2) = x> (x> 2= (Y= X)) = (2= %) =527
=(y>2)-x>(X=(Yy=X)>z—(y— X)) = (2= X) =axs5
=(y>2) -x>(X>2) - (Y—X) — (Z— X) =pug
=(y»2 - x> (X>2) — (2= X) = (Y= X) =ax5
=(y»2 - x> (X=(2=X)>z2=(2=X) = (Y= X) =127
= (y»2) = x> (x> 2= (2= X)) = (Y= X) =vps
=(y>2 - x> X= (Y= X) =127
=(y»2 - XD;zAxS
=X (Y» 2) (Y/11)

X= (Y- 2 =axs@
=X-Y>X—(X—2) =121
=X-(X-2)>X-Y=@
:X—C@ZDX—y (Z/)




X@(Y@2=q
=x@y-(y-2)=e
=x-(X=-(y-(y-2)) =z
=X=(X@ Y -2 »>x-Y) =qee
=X=-X@ -2 - (X-Y) =pao
=X-(X-y)-x@ -2 =e
=X=(X=y) - (x=(x=(y-2)) =z
=X=(X=-y) - (X=(x@2z>X-VY)) =qz6
=X=(X=Yy) = (X=Xx@2z-(X-Y)) =q26
=X-(X=yrX=X@z-(X-Y)) =R/
=X—(X=y>X—2-(X-Y)) =P/19
=X=(X=y>X=(X-Y) -2 =qp6
=X=(X=-y)-(X=(X-Yy) -2 =@
=(X-(x-y) @z=¢
=Xx@y@z (g12)

X-(y-2-(x-2 =z
=(X@2z>x-Yy) - (X—2) =ax5
=X@z- (X—2) > X—Yy—(X—2) =L27p19
=X@z-(X-z-(Xx=(X=2))>X-(X-2) -y =ge
=X@z-(X-2-X@2)>X@Z-Y =527
=X@zr X@Z-Y =wp9
=X@z ()

(X>y) @z=@
= (x> y) = (x> Y) = 2) =axs
=(Xpy) - (X-2>y—-2) =axs
=X—(X—-2ry-2) >y —(X—2ZrYy—2) =qp6026
=X-(X=2)-(y-2>ry-(Xx-2 = (Y- 2 =p1o
=X-(Y-2-(X=-2)>y-(X-2) - (Y- 2) =py
=X@zry@z (c/14)

X@ y>2 =@
=X—(X=(y>2) =qee
=X-(X-Y-2 =70
=X=(X=2»>X—(X-Y) =121
=X-(X-y)»X-(X-2) =@
=X@yrx@z (d/15)
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X@y-z=@
=X—-(X-Y)—Z=pa19g
=X—-2Z—(X-Y) =qz6
=X—(zeX—Y) =31

=X—(z> X—Y—2) =p1o
=X—(z0 X—Z-Y) =q26
=Xx-(z» @) =131
= X— (2> X— (zvy - 2) =qu26
=X-2-(X=(z>y-2) =q26
=x-z-(x-z-(y-2) =@
=(x-22@ k-2

X>y@Z=y)s
=Xey@X>Y@Z=vy11
- X @y @ “wasass
:>_<>w>y@ (x> 2 =g13@
3B XB Y0 02 -us
=X@ (X>2) >y @ (X>2) =¢14

= (x»y) @ (x>2)

X=(y>2) =q2e

=X-Y—-Z=p1o
=X—Z-Y=qp26
=Xx—(z>Y)

X@Qy@z=@
:m@ZZ@
=X—(X-y)— (X=(X—Y) - 2 =g
= X=(x—y>X—(X—Y) ~2) =ppo
=X—-(X-y>X—2—(X-Y)) =31
= X— (X—Y>X—2) =gz
=X—(x-y)-(x-2

X@y@z=y
=X=-(X-Yy) - (X—2) =pag
=X—-(X-2) - (X—-Y) =y

=xX@z@y
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X=Y> X=Z=121
=X—-ZrX-Y=g
= (X=2z»X) = (Y= (X=2) =330z
=x-(y@zry-X =g
=x-(y@zry) - (x-y@2) =@
=x=(y-(y=2»>y) - (x-y@2) =y30330
=(X-y@z> ) - (Y- (x-y@?2) =y
=X-y@zrX-y =121
=X-yrX-y@z=g
=(X=yrX) = (y@z~ (X-Y)) =y0e
=x-(y-(y-2 - (X)) =~/
=x-(y-(y-2)=e
=x-y@z (i

X-y@z=
=X—Yy>X—Z=121
=X—2ZpX-Yy =)
=x-z@y (k/23)

X-y)@z=q

=X-y-(X=Y—2) =p1o
=X-y-(X=2-Y) =q26
=X=(y>xX-z-y)=y;

=X—(Y»X—2) =qee

=X-Y—(X=2 =p1o

=X-(x-2-y=@

=X@z-y (1/32)

x@y-2=e
=X-(X=(y-2)=z¢
=X=(X=(X=2>Xx-y) =q26
=X=(X=(xX=2)-(x-y) =w/
=X—2z—(X-Y) =pa9
=x-(x-y)-z=¢
=x@y-z (my33)
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